We uncover universal statistical properties of the trajectories of heavy inertial particles in three-dimensional, statistically steady, homogeneous, and isotropic turbulent flows by extensive direct numerical simulations. We show that the probability distribution functions (PDFs) P (φ), of the angle φ between the Eulerian velocity u and the particle velocity v, at this point and time, shows a power-law region in which P (φ) ∼ φ −γ , with a new universal exponent γ ≃ 4. Furthermore, the PDFs of the trajectory curvature κ and modulus θ of the torsion ϑ have power-law tails that scale, respectively, as P (κ) ∼ κ −hκ , as κ → ∞, and P (θ) ∼ θ −h θ , as θ → ∞, with exponents hκ ≃ 2.5 and h θ ≃ 3 that are universal to the extent that they do not depend on the Stokes number St (given our error bars). We also show that γ, hκ and h θ can be obtained by using simple stochastic models. We characterize the complexity of heavy-particle trajectories by the number NI(t, St) of points (up until time t) at which ϑ changes sign. We show that nI(St) ≡ limt→∞ , and industrial processes [6, 7] , but also because they pose challenging questions of fundamental importance in the fluid dynamics and nonequilibrium statistical mechanics of such flows. Experimental, theoretical, and especially numerical investigations, which have been carried out over the past few decades, have shown that neutrally buoyant tracers (or Lagrangian particles) respond very differently to turbulent flows than do heavy, inertial particles [8, 9] ; for instance, tracers get distributed uniformly in space in a turbulent, incompressible flow, but, in the same flow, heavy, inertial particles cluster [10, 11] , especially when the Stokes number St ≃ 1, where St = τ s /τ η , with τ s the particle-response or Stokes time and τ η the Kolmogorov time, at the dissipation length scale η. We study the statistical properties of the geometries of heavy-inertial-particle trajectories; such inertial-particletrajectory statistics have not received much attention hitherto in homogeneous, isotropic, three-dimensional (3D) fluid turbulence.
Inertial particles, advected by turbulent fluid flows, show rich dynamics that are of great interest, not only because of potential applications in geophysical [1], atmospheric [2] [3] [4] , astrophysical [5] , and industrial processes [6, 7] , but also because they pose challenging questions of fundamental importance in the fluid dynamics and nonequilibrium statistical mechanics of such flows. Experimental, theoretical, and especially numerical investigations, which have been carried out over the past few decades, have shown that neutrally buoyant tracers (or Lagrangian particles) respond very differently to turbulent flows than do heavy, inertial particles [8, 9] ; for instance, tracers get distributed uniformly in space in a turbulent, incompressible flow, but, in the same flow, heavy, inertial particles cluster [10, 11] , especially when the Stokes number St ≃ 1, where St = τ s /τ η , with τ s the particle-response or Stokes time and τ η the Kolmogorov time, at the dissipation length scale η. We study the statistical properties of the geometries of heavy-inertial-particle trajectories; such inertial-particletrajectory statistics have not received much attention hitherto in homogeneous, isotropic, three-dimensional (3D) fluid turbulence.
Our direct-numerical-simulation (DNS) studies of these statistical properties yield new and universal scaling exponents that characterize heavy-particle trajectories. We calculate the probability distribution functions (PDFs) of the angle φ between the Eulerian velocity u(x, t), at the point x and time t, and the velocity v of an inertial particle at this point and time, PDFs of the curvature κ and torsion ϑ of inertial-particle trajectories, and several joint PDFs. In particular, we find that the PDF P (φ) shows a power-law region in which P (φ) ∼ φ −γ , with an exponent γ ≃ 4, which has never been considered so far; the extent of this power-law regime decreases as St increases; we find good powerlaw fits if 0 < St 0.7; in this range γ is universal, in as much as it does not depend on St and the fluid Reynolds number Re (given our error bars). The PDFs of κ and θ = |ϑ| show power-law tails for large κ and θ, respectively, with power-law exponents h κ and h θ that are also universal. We calculate the number of points, per unit time, at which the torsion ϑ changes sign along a particle trajectory; this number n I (St) ∼ St −∆ , as St → 0, with ∆ ≃ 0.4 another universal exponent. We show how simple stochastic models can be used to obtain the exponents γ, h κ , and h θ ; however, the evaluation of ∆ requires the velocity field from the Navier-Stokes equation.
We perform a DNS [28] of the incompressible, threedimensional (3D), forced, Navier-Stokes equation
where u, p, f , and ν are the velocity, pressure, external force, and the kinematic viscosity, respectively. Our simulation domain is a cubical box with sides of length 2π and periodic boundary conditions in all three directions. We use N 3 collocation points, a pseudospectral method with a 2/3 dealiasing rule [28] , a force that yields a constant energy injection (see, e.g., Refs. [13, 14] ), with an energy-injection rate P , and a second-order AdamsBashforth method for time marching [14] . In several experiments (a) the radius of the particle a ≪ η, with η the Kolmogorov dissipation scale of the advecting fluid (i.e., the particle-scale Reynolds number is very small), (b) particle interactions are negligible, (e.g., if the num- ber density of particles is low), (c) the particle density ρ p ≫ ρ f , the fluid density, (d) typical particle accelerations exceed considerably the acceleration because of gravity, and (e) the particles do not affect the fluid velocity; if these conditions hold, then the position x(t) and velocity v(t), at time t, of a small, rigid, particle (henceforth, a heavy, inertial particle), in an incompressible flow, evolve as follows [30] [31] [32] :
and
here u(x, t) denotes the Eulerian velocity field at position x and τ s = (2a 2 )/(9νρ f ). To obtain the statistical properties of the particle paths, we follow the trajectories of N p particles in our simulation, use trilinear interpolation [15] to calculate the components of the velocity and the velocity-gradient tensor at the positions of the particles. Table I lists the parameters we use. We solve for the trajectories of N p inertial particles, for each of which we solve Eqs.(3) and (4) with an Euler scheme, which is adequate because, in time δt, a particle crosses at most one-tenth of the grid spacing.
At the position of a particle, the particle and fluid velocities are different because of the Stokes drag. We expect this difference to increase with St. In Fig. 1 (a) we show plots of the unit vectors, along the directions of the particle and fluid velocities (in red and green, respectively), at the position of the particle, and the trajectory of the particle in the neighborhood of the particle position (blue dots), at four different time instants (for a video see Ref. [34] ). To quantify the statistics of the angle between these unit vectors, we show in the inset of Fig. 1 (b) plots of the PDFs P (φ) of the angle φ between v andû, for different values of St. For small St, P (φ) shows a peak near φ ≃ 0; this peak broadens when we increase St. Log-log plots of the cumulative PDFs Q(φ) [ Fig. 1 (b) ] reveal that, especially for small values of St, there is a remarkable and distinct power-law regime in which Q(φ) ∼ φ −γ+1 , with a scaling exponent γ ≃ 4, i.e., the PDF P (φ) ∼ φ −4 . Although γ is insensitive to the value of St (given our error bars), the extent of the scaling regime decreases as we increase St. A particle trajectory is a 3D curve that we characterize by its tangent t, normal n, and binormal b, which are [16] [17] [18] 
these evolve according to the Frenet-Serret formulas as:
here r and s indicate the particle position and arc length along the particle trajectory, respectively. The curvature κ and the torsion ϑ of a particle trajectory are (dots indicate time derivatives)
Here a n is the normal component of the acceleration a, v = |v|, and θ = |ϑ|. From Eqs. (3) and (6) it follows that u, v, and a can be expressed as u = u cos φt + u sin φn, v = vt, and a = a t t + a n n, whence we obtain
We find, in agreement with Ref. [32] , that the PDFs of the normal component a n the tangential component a t and a = |a| exhibit tails [34] , which can be fit to exponential forms with decay rates α n , α t , and α, respectively; these decay rates decrease as St increases (Table III) . By contrast, the PDFs P (κ) and P (θ) have power-law tails that scale as P (κ) ∼ κ −hκ , as κ → ∞, and P (θ) ∼ θ −h θ , as θ → ∞, with exponents h κ ≃ 2.5 and h θ ≃ 3 that do not depend on St (given our error bars) [43] . We obtain these exponents accurately from the cumulative PDFs Q κ (κη) and Q τ (θη), which we obtain by using a rank-order method [29] to overcome binning errors and which we show in the log-log plots of Figs. 2 (a) and (b), respectively, for representative values of St. The slopes of the straight-line parts (blue lines) in these plots yield h κ + 1 and h θ + 1; we list h κ and h θ in Table III ; to obtain the error bars on these exponents we carry out a local-slope analysis [24] for the power-law regimes in We use the torsion ϑ to characterize the complexity of a particle track by computing the number, N I (t, St), of points at which ϑ changes sign up until time t. We propose that, for a given value of St,
exists and is a natural measure of its complexity. In Fig. 2 (c), we plot N I /(t/T eddy ) versus the dimensionless time t/T eddy , for two representative values of St. From such plots we obtain n I (St) (see Eq. (9)), which we depict as a function of St in the inset of Fig. 2 (c) , and whence we find
where ∆ ≃ 0.4. This indicates that, as St → 0, particle trajectories become more and more contorted in all three spatial dimensions (cf. Ref. [37] for the analog of this result for 2D fluid turbulence).
The analogs of the exponents h κ and h θ have been obtained in studies with Lagrangian tracers in DNSs [18, 26] and experiments [25] . The exponents obtained in both these studies, for tracers, are within error bars of those that we obtain here for heavy inertial particles (see Table III ). In Refs. [25, 26] it has been suggested that the value of h κ can be obtained by noting that large values of κ are associated with small values of v; furthermore, h κ = 2.5 can be obtained analytically by assuming that the joint PDF P(a n , v) factors into the products of the PDFs P (a n ) and P (v). A similar argument [26] yields h θ = 3. These arguments can be extended to the case of heavy inertial particles and used, therefore, to understand the proximity of the values of h κ and h θ (see Table III) to those for Lagrangian tracers. In Fig. 5 , we plot joint PDFs of κ and v, and κ and a n for two representative values of St (St = 0.2 left column, St = 1.4 right column). Clearly, large values of κ are correlated with small values of v but not with large values of a n ; i.e., high-curvature parts of particle trajectories are associated with regimes of a track where the particle velocity reverses. Furthermore, we show in [34] that the assumption P(a n , v) ≡ P an (a n )P v (v) made in [26] does not hold very well.
To understand the universal power laws mentioned above, we use a simple stochastic model for the Eulerian velocity field [34] , and integrate Eqs.(3) and (4) to find particle trajectories. We find that such a simple model, in which the Eulerian velocity field is given by Eqs. (4)- (6) in [34] , reproduces the exponents γ, h κ , and h θ accurately [34] but not ∆.
We also show numerically that, if we consider the components of fluid and particle velocities u i and v j , where i, j ∈ (x, y, z), to be correlated Gaussian random variates with mean zero, such that the coefficient of correlation
j is a function of St, such that, ρ(u i , v j ) = R(St)δ ij , then we get the same values of the exponents, γ, h κ , and h θ [34] as in Table III . The plot of log 10 (R) versus St in Fig. 1 (c) , shows that R decays exponentially with increasing St in our DNS of Eqs. (1)-(3) .
We hope that our results will stimulate new experimental studies [38] of the geometries of inertial-particle trajectories in turbulent flows. Our results for P (φ), P (κ), P (θ), and n I (St) can be used to constrain models for the statistical properties of inertial particles in turbulent flows [40, 41] . In particular, we show that simple stochas- tic models can yield γ, h κ , and h θ but not the exponent ∆ Ref. [34] . The exponent ∆ has not been introduced in 3D fluid turbulence so far. Our results imply that n I (St) has a power-law divergence, as St → 0. This is suppressed eventually, in any finite-resolution DNS, which can only achieve a finite value of Re λ . This is the analog of the finite-size suppression of divergences, in thermodynamic functions, at an equilibrium critical point [33] . Furthermore, the limit St → 0 is singular, so it is not clear a priori that it should yield the same results, for the properties we study, as those in the Lagrangian case St = 0.
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Supplemental Material
This Supplemental Material contains some probability distribution functions (PDFs) and joint PDFs that augment the figures given in the main part of this paper. We give semilogarithmic plots of the PDFs P a , P at , and P an of the acceleration (Fig. 4 (a) ), its tangential component (Fig. 4 (b) ), and its normal component (Fig. 4 (c) ), respectively. The right tails of these PDFs can be fit to exponential forms; in particular,
with decay rates α, α t , and α n whose values we list, for different values of the Stokes number St, in TABLE III. All these decay rates decrease as St increases. To test the assumption that P(a n , v) ≡ P an (a n )P v (v), [26] we plot the joint PDFs of a n and v and the product P an (a n )P v (v) side by side, for different values of St in Fig. 6 . These joint PDFs show that the statisticalindependence assumption P(a n , v) ≡ P an (a n )P v (v), made in [? ], does not hold very well.
We also use the following stochastic model for the velocity field u, to obtain all the statistical properties of particle trajectories that we have discussed in the main part of this paper. We first define
where i, j ∈ (x, y, z), are the Cartesian co-ordinates. Then we take all three components of the velocity field (u x , u y , u z ) as linear combinations of C ± ij and S ± ij , with coefficients ζ i , which evolve in time according to the following stochastic equation:
where T cor is the correlation time and ξ i (t) are chosen from a normal distribution [9, 39] . By using the above model we integrate Eqs. (3) and (4) in the main paper, to obtain particle trajectories. Figures 7 (a), (b) , and (c) shows the PDFs of the angle φ, curvature κ, and torsion θ, respectively, for the model. We find that the PDFs P (φ), P (κ) and P (θ), obtained from the stochastic model described above, yield the same values for the exponents γ, h κ and h θ as we obtain from our full DNS in the main paper. However this model does not yield the form of n I (St) (given in Fig. 2 (c) in the main paper) and, therefore, this model does not yield the exponent ∆.
Consider now another simple model in which components of the particle and fluid velocities are correlated, random Gaussian variates, with
here i = (x, y, z), . represents the average, and σ ui and σ vi are the standard deviations of u i and v i , respectively. We consider the coefficient of correlation ρ(u i , v j ) as a function of St, namely,
here ρ(u i , v j ) = uivj σu i σv j . We show numerically that this simple model also gives the same types of P (φ), P (κ) and P (θ) as above and values of γ, h κ , and h θ that are consistent with our earlier results. To obtain the dependence of these PDFs on St, we can choose R(St) in Eq. 19 to decay with increasing St as in Fig. 1(c) in the main paper.
The simplest stochastic models that we have considered here show that the tails of P (φ), P (κ), and P (θ) follow essentially from the correlation ρ(u i , v j ). This correlation is dictated by Eqs. (1)-(3) in our DNS in the main paper or, in the simple stochastic models, by the statistics we use for u. These simple stochastic models seem to be adequate for the exponent γ, h κ , and h θ (given our error bars), but not for the exponent ∆. at the position of the particle (in green), and the trajectory of the particle in the neighborhood of the particle position (blue dots). This video is from our direct numerical simulation (DNS) of the Navier-Stokes equation
for the motion of the fluid, and the Stokes-drag equation for the motion of the particle. The Stokes number of the particle is one. Fig.2(a) , and (c) Fig.2(b) , of the main paper, obtained by using the stochastic model described above (Eqs. (4)- (7)). Fig.2(a) , and (c) Fig.2(b) , of the main paper, obtained by using the simple models of Eqs. (8)- (9) .
